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Abstract

We study a simple fair-division procedure for allocating indivis-

ible goods among agents with identical, additive, and strictly or-

dered valuations. The target fairness notion is envy-freeness up to

any good (EFX), a strong relaxation of envy-freeness for indivisi-

ble goods (Caragiannis et al., 2019; Plaut and Roughgarden, 2020).

Instead of constructing the allocation by assigning goods one by

one, the proposed procedure starts from a dual allocation in which

every agent initially holds every good. The algorithm then repeat-

edly deletes a duplicated good from an agent with a currently most

valuable bundle, always choosing the most valuable duplicated good

available in that bundle. We prove that the procedure terminates

with a feasible allocation and that the resulting allocation is EFX.

The note is intended as a short preliminary conference version; its

main contribution is the compact dual perspective and the accom-

panying proof for this restricted valuation setting.
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1 Introduction

Fair division studies how to allocate resources among agents while respect-

ing a chosen notion of fairness. Its classical origins go back to the formal

study of division problems by Steinhaus (1948), and envy-freeness has long

been one of the central fairness requirements (Varian, 1974). When the re-

sources are indivisible goods, exact envy-freeness can be too demanding or

impossible to satisfy, so the literature often considers approximate envy-

freeness notions for discrete allocations (Amanatidis et al., 2022; Bouveret

and Lang, 2008).

One influential relaxation is envy-freeness up to any good (EFX). In-

formally, an allocation is EFX if every agent weakly prefers her own bun-

dle to any other agent’s bundle after removing any single good from that

other bundle. EFX is stronger than the more common “up to one good”

relaxation and remains a central object in the fair allocation of indivisible

goods (Caragiannis et al., 2019; Plaut and Roughgarden, 2020). General

existence and computation questions for EFX are delicate, but several

positive results are known in restricted settings, for example for three

agents or for particular graph-structured instances (Chaudhury et al.,

2020; Christodoulou et al., 2023).

This note considers a very restricted, but transparent, setting. Let

[m] = {1, . . . ,m} be the set of goods and let [n] = {1, . . . , n} be the set of

agents. For a subset of goods S ⊆ [m] and an integer t, let Πt(S) denote
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the set of all t-partitions of S. An allocation is an n-partition

(A1, A2, . . . , An) ∈ Πn([m]),

where Ai is the bundle allocated to agent i.

The preference of each agent over bundles is described by a valuation

function. Throughout the note, valuations are assumed to be non-negative,

identical, strictly ordered on single goods, and additive. Thus there is one

valuation v such that v = vi = vj for all i, j ∈ [n], the goods are indexed

so that

0 ≤ v(1) < v(2) < · · · < v(m),

and for every S ⊆ [m],

v(S) =
∑
g∈S

v(g).

An allocation X = (X1, . . . , Xn) is called

• envy-free (EF) if v(Xi) ≥ v(Xj) for all i, j ∈ [n];

• envy-free up to any good (EFX) if

v(Xi) ≥ max
g∈Xj

v(Xj \ {g})

for all i, j ∈ [n], with the comparison for an empty Xj understood

as vacuous.

For later use, define the least valuable good of a nonempty bundle S
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by

g−(S) = argmin
g∈S

v(g),

and define the value of S after deleting its least valuable good by

v−(S) = v
(
S \ {g−(S)}

)
= v(S)− v(g−(S)).

For the empty bundle we set v−(∅) = 0. Since the valuation is additive

and the goods are strictly ordered, deleting the least valuable good leaves

the largest possible remaining value. Therefore, under identical valuations,

EFX is equivalently the condition

v(Xi) ≥ v−(Xj) for all i, j ∈ [n].

The contribution of the note is a short dual algorithm and proof.

Rather than assigning goods directly, the algorithm begins from the in-

feasible dual allocation in which each agent holds every good. It then

makes the allocation feasible by deleting duplicated occurrences. The rule

is greedy in the dual space: delete the most valuable duplicated good

from an agent whose current bundle has maximum value. The theorem

below shows that this simple deletion rule returns an EFX allocation in

the identical-additive setting.

4



2 Dual approach and the algorithm

For the purpose of the Dual Fair Division Instance (DFDI), start from the

forbidden dual allocation in which every good is held once by every agent:

DA = {Ai : i ∈ [n]}, Ai = [m] for every i ∈ [n].

The procedure obtains a feasible allocation by deleting duplicated occur-

rences of goods. For monitoring the progress of the procedure, let

rg = |{i ∈ [n] : g ∈ Ai}|

be the number of current occurrences of good g. Initially r = (n, . . . , n),

and a feasible allocation is reached when r = (1, . . . , 1). At each step the

algorithm chooses an agent with a currently most valuable bundle and

strikes from that bundle the most valuable good that is still duplicated.
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Algorithm 1: DFDI to FDI algorithm
Input: Agents [n], goods [m], identical additive valuation v, and

the dual allocation Ai ← [m] for every i ∈ [n]

Output: A feasible allocation A = (A1, . . . , An) in which every

good is assigned exactly once

Initialize rg ← n for every g ∈ [m], and N ← [n];

while there exists g ∈ [m] with rg > 1 do

choose i ∈ N such that v(Ai) = maxk∈N v(Ak);

Si ← {g ∈ Ai : rg > 1};

if Si ̸= ∅ then

g∗ ← argmaxg∈Si v(g);

Ai ← Ai \ {g∗};

rg∗ ← rg∗ − 1;

else

N ← N \ {i};

return A;

Theorem 2.1 (EFX guarantee). Assume identical additive valuations

with 0 ≤ v(1) < · · · < v(m). Algorithm 1 terminates with a feasible

allocation, and the returned allocation is EFX.

Proof. The algorithm terminates because every deletion step decreases∑
g∈[m] rg by one, so there can be at most m(n − 1) deletion steps. The

other kind of step removes an agent from N , and this can happen at most

n times. Moreover, an agent removed from N can never again have a
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duplicated good in her bundle, since the numbers rg only decrease. Thus,

if some duplicated good remained, at least one active agent would still hold

a duplicated occurrence. Hence, when the algorithm stops, every good has

exactly one remaining occurrence, so the output is a feasible allocation.

Let V = v([m]). During the algorithm, write

Di = [m] \Ai

for the set of goods already struck from agent i’s dual bundle. Then

v(Ai) = V − v(Di).

Thus choosing an agent with maximum current bundle value is the same

as choosing, among active agents, an agent with minimum deleted value

v(Di).

We prove EFX in the form v(Ai) ≥ v−(Aj) for all ordered pairs of

agents i, j. Fix i, j ∈ [n]. If Aj = ∅, then v−(Aj) = 0, so the claim

follows from non-negativity. If i = j, then v(Aj) ≥ v−(Aj), again by

non-negativity. Hence assume i ̸= j and Aj ̸= ∅.

Let

g = g−(Aj)

be the least valuable good in agent j’s final bundle. Since the final allo-

cation is feasible and i ̸= j, good g is not in Ai at the end. Therefore

there is a step at which the algorithm strikes g from agent i. Look at the
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moment immediately before this step, and denote the deleted sets at that

moment by Dτ
i and Dτ

j .

At that moment, agent j is still active: indeed, j still holds g, agent

i also still holds g just before it is struck, and therefore rg > 1. Since

the algorithm chooses i with maximum current bundle value among active

agents, we have

v(Aτ
i ) ≥ v(Aτ

j ).

Using v(Aτ
ℓ ) = V − v(Dτ

ℓ ), this is equivalent to

v(Dτ
i ) ≤ v(Dτ

j ). (1)

Now consider what can happen after this moment. When g is struck

from i, it is the most valuable currently duplicated good in Aτ
i . Therefore

no good more valuable than g can be struck from i later: such a good

either was already struck from i, or was already unique at time τ , and the

repetition counts rh never increase. Hence every good struck from i after

g has value strictly smaller than v(g).

On the other hand, because g is the least valuable good that remains

in Aj at the end, every good h with v(h) < v(g) is eventually struck from

j. None of these smaller goods could have been struck from j before time

τ , because before time τ the higher-valued good g was still in Aj and still

duplicated, so the algorithm would strike a good of value at least v(g) from

j before striking any such h. Consequently, every possible later strike from

i after g is matched by a strike of the same good from j after time τ .
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Let

Li = Di \
(
Dτ

i ∪ {g}
)

and Lj = Dj \Dτ
j

be the goods struck later from i after the strike of g, and the goods struck

later from j after time τ , respectively. The previous paragraph gives Li ⊆

Lj , and hence v(Li) ≤ v(Lj). Combining this with (1),

v(Di) = v(Dτ
i ) + v(g) + v(Li)

≤ v(Dτ
j ) + v(g) + v(Lj)

= v(Dj) + v(g).

Finally, translating back from deleted bundles to final bundles gives

v(Ai) = V − v(Di)

≥ V − v(Dj)− v(g)

= v(Aj)− v(g)

= v
(
Aj \ {g−(Aj)}

)
= v−(Aj).

Since i and j were arbitrary, the returned allocation is EFX.

3 Conclusion

This preliminary note presents a dual deletion view of a simple EFX al-

location procedure for identical, additive, and strictly ordered valuations.

Starting from the infeasible allocation in which every agent holds every
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good, the algorithm removes duplicated goods from currently largest bun-

dles until each good remains exactly once. The proof shows that the final

allocation satisfies the equivalent condition v(Ai) ≥ v−(Aj) for every pair

of agents. Future work should clarify whether the same dual perspective

can be extended beyond identical valuations, beyond strict single-good

orderings, or to stronger efficiency requirements.
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